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Abstract
We study the Yang-Mills-Chern-Simons theory systematically in
an effort to generalize the Coleman-Hill result to the non-Abelian case.
We show that, while the Chern-Simons coefficient is in general gauge
dependent in a non-Abelian theory, it takes on a physical meaning
in the axial gauge. Using the non-Abelian Ward identities as well as
the analyticity of the amplitudes in the momentum variables, we show
that, in the axial gauge, the Chern-Simons coefficient does not receive
any quantum correction beyond one loop. This allows us to deduce
that the ratio 4pim
g2
is unrenormalized, in a non-Abelian theory, beyond
one loop in any infrared safe gauge. This is the appropriate general-
ization of the Coleman-Hill result to non-Abelian theories. Various
other interesting properties of the theory are also discussed.
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1 Introduction:
It is well known by now that in odd space-time dimensions, one can add a
topological term to the Lagrangian density of a gauge field, in addition to
the usual Yang-Mills (Maxwell) term. Such a term is known as the Chern-
Simons term and a theory with a Chern-Simons term is conventionally called
a Chern-Simons theory [1, 2]. In 2 + 1 dimensions, for example, the Chern-
Simons term, in a SU(N) gauge theory, has the form
LCS = m
2
ǫµνλAaµ(∂νA
a
λ +
g
3
fabcAbνA
c
λ)
where g represents the gauge coupling and fabc stand for the structure con-
stants of the group. The parameter m is known as the Chern-Simons coeffi-
cient (at the tree level) and has the dimensions of mass. In a theory, with a
Yang-Mills term for the gauge fields, it can be shown that the Chern-Simons
term provides a gauge invariant mass for the gauge fields. Such a mass term
is absolutely crucial in the perturbative study of a pure Yang-Mills-Chern-
Simons gauge theory, since without this term, the infrared divergences in
2 + 1 dimensions are so severe that a perturbative expansion cannot be de-
fined [2, 3].
The Chern-Simons term violates discrete symmetries like P and T (al-
though it respects CPT ). In a gauge theory with (matter) interactions which
violate these symmetries, it is expected that a Chern-Simons term will be
generated at the quantum level, even if one is not present at the tree level.
Thus, for example, the mass term for a fermion, in 2 + 1 dimensions, is
known to violate these symmetries and, correspondingly, it is known that
a massive fermion interacting with gauge fields generates a Chern-Simons
term at the one loop level [2]. Surprisingly, however, it was noted, through
explicit calculations, that even though a Chern-Simons term is generated
at one loop, there is no radiative correction to the Chern-Simons coefficient
at the two loop level, either in the Abelian or in the non-Abelian theory
[4, 5]. This peculiarity was explained, for the Abelian theory, by Coleman
and Hill, who showed that, in 2 + 1 dimensional QED with or without a
tree level Chern-Simons term, the Chern-Simons coefficient does not receive
any contribution beyond one loop at zero temperature [6]. The proof of this
result is quite elegant and essentially uses two key assumptions, namely, i)
the Abelian Ward identity and, ii) the analyticity of the amplitudes in the
momentum (energy-momentum) variables. This result holds, in an Abelian
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theory, whenever these assumptions are valid, but not otherwise.
While the Coleman-Hill result explains the peculiarity of the explicit two
loop calculation in the Abelian theory, it says nothing about the outcome of
the calculation in the non-Abelian theory. There are, in fact, several diffi-
culties one faces in trying to extend the Coleman-Hill result to non-Abelian
theories. First, unlike in an Abelian theory at zero temperature, without
a tree level Chern-Simons term, infrared divergences may be too severe (as
we have already mentioned). Second, even with a tree level Chern-Simons
term in the non-Abelian theory, an arbitrary gauge choice may introduce
spurious infrared divergences and, therefore, one must carefully choose an
infrared safe gauge [2, 7] (again, this is not a problem in the Abelian the-
ory). Finally, in the non-Abelian theory, the Chern-Simons coefficient is,
in general, gauge dependent (in an Abelian theory, this coefficient is gauge
independent). Therefore, an attempt to naively generalize the Coleman-Hill
result is meaningless. On the other hand, it is known that, in a non-Abelian
theory, the ratio 4pim
g2
is gauge independent and has a physical significance.
Consequently, it makes sense to try and show that it is this ratio which gets
no contribution beyond one loop in a non-Abelian theory.
In this paper, we show that this expectation, indeed, holds. In particular,
we show, much like the Coleman-Hill result in the Abelian theory, that if, i)
the Ward identities of the non-Abelian theory hold and, ii) the amplitudes are
analytic in the momentum (energy-momentum) variables, then the ratio 4pim
g2
does not receive any quantum correction beyond one loop. The non-Abelian
theory is clearly much more complicated than the Abelian counterpart and
we prove our result by working in the axial gauge, which is an infrared safe
gauge. It is, of course, known that the Ward identities in the axial gauge are
much simpler, but we show that, in this gauge, the Chern-Simons coefficient
takes on a physical significance, although it is gauge dependent in general. In
fact, we show that the Chern-Simons coefficient, in the axial gauge, receives
no quantum correction beyond one loop and this allows us to deduce that
the ratio 4pim
g2
is unaffected beyond one loop. A brief account of our main
result has already been published [8] and here we describe the details of our
work along with many other interesting features of the analysis.
The organization of our paper is as follows. In section 2, we analyze
the Yang-Mills-Chern-Simons theory in a covariant gauge and show, using a
Nielsen-like identity [9, 10], that the Chern-Simons coefficient is, in general,
gauge dependent. In section 3, we define the theory in the axial gauge and
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discuss some of the special features of this gauge choice. From the Ward
identities, in this gauge, we obtain a diagrammatic representation for the
Chern-Simons coefficient, which is quite useful in an all order proof. We also
show that, in this gauge, the Chern-Simons coefficient takes on a physical
meaning and derive a Nielsen-like identity to show that it is independent
of nµ, the choice of direction in the axial gauge. In section 4, we explic-
itly evaluate the Chern-Simons coefficient at one loop and show that it is
independent of nµ as is required from the Nielsen-like identity described in
section 3. We compare our calculation with that in the Landau gauge [7] to
bring out the gauge independent nature of the ratio 4pim
g2
. We also present an
interpolating gauge that interpolates between the infrared safe Landau and
axial gauges. In section 5 we prove the main result of our paper, namely that,
with the assumptions of BRST invariance and analyticity of the amplitudes,
the Chern-Simons coefficient has no quantum correction beyond one loop in
the axial gauge. We deduce from this that, in any infrared safe gauge, the
ratio 4pim
g2
receives no radiative correction beyond one loop. In section 6, we
study the pure Chern-Simons theory (without a Yang-Mills term) and show
that it has an additional vector supersymmetry in the axial gauge (much
like the one in the Landau gauge). The Ward identities following from this,
together with the usual Ward identities show that this is a free theory. We
present a brief conclusion in section 7.
2 Gauge Dependence:
Let us consider the Yang-Mills-Chern-Simons theory in 2 + 1 dimensions
described by the Lagrangian density [2, 7, 11, 12, 13]
Linv = 1
2
trFµνF
µν −m tr ǫµνλAµ(∂νAλ + 2 g
3
AνAλ) (1)
where we have chosen, for simplicity, the Chern-Simons mass m to be posi-
tive. The gauge field belongs to a matrix representation of SU(N),
Aµ = A
a
µT
a
with the generators of the group assumed to have the normalization
trT aT b = −1
2
δab
4
and
Fµν = ∂µAν − ∂νAµ + g[Aµ, Aν ].
This is a self-interacting theory and one can, of course, add to it interacting
matter fields. However, we would restrict ourselves, for simplicity, to the
theory described by Eq. (1), which can be written with explicit internal
symmetry indices as
Linv = −1
4
F µν,aF aµν +
m
2
ǫµνλAaµ(∂νA
a
λ +
g
3
fabcAbνA
c
λ) (2)
The Lagrangian density, in Eq. (1), is invariant under the infinitesimal
SU(N) gauge transformations of the form
δAµ(x) = Dµǫ(x) = ∂µǫ(x) + g[Aµ, ǫ]
where ǫ(x) is an infinitesimal matrix valued transformation parameter. On
the other hand, under a finite gauge transformation
Aµ → U−1AµU − i
g
U−1∂µU
the Lagrangian density changes by a total divergence (it is the Chern-Simons
term that is not invariant), so that the action changes by a constant
Sinv =
∫
d3xLinv → Sinv + 4πm
g2
2πW (3)
where
W =
1
24π2
∫
d3x ǫµνλ trU−1∂µUU
−1∂νUU
−1∂λU (4)
is an integer, known as the winding number of the gauge transformation, and
classifies the gauge transformations into topologically distinct classes. When
the winding number vanishes, the gauge transformations are conventionally
known as small gauge transformations, while non zero winding numbers lead
to large gauge transformations. It is clear from Eq. (3) that under a small
gauge transformation, the action is invariant, while, under a large gauge
transformation, the action changes by a constant. In the path integral ap-
proach, it is quite clear that even though there is a shift in the action under
a large gauge transformation, the generating functional is invariant provided
4πm
g2
= n (5)
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where n is a positive integer (because of our choice m > 0).
It is well known that the coefficient of the Chern-Simons term (which is
m in the tree level), in an Abelian theory, is a gauge independent quantity.
It is related to the physically meaningful statistics parameter and, in fact,
it is this coefficient which does not receive quantum corrections beyond one-
loop (provided certain assumptions are valid) according to the Coleman-Hill
result. In trying to extend this result to non-Abelian theories, one of the
challenges we face, as mentioned in the introduction, is that the Chern-
Simons coefficient is, in general, a gauge dependent quantity in a non-Abelian
theory. This is best seen from the following analysis involving a Nielsen-like
identity [9, 10].
Let us analyze the Chern-Simons theory in a general covariant gauge.
Thus, adding a gauge fixing and ghost Lagrangian density of the form
Lgf + Lghost = − 1
2ξ
(∂µA
µ,a)2 + ∂µcaDµc
a
=
ξ
2
F aF a − F a(∂µAµ,a) + ∂µcaDµca (6)
we can write the total Lagrangian density, in this gauge, to be
L = Linv + Lgf + Lghost (7)
We note that we have introduced an auxiliary field, F a, to write the gauge
fixing term, which helps close the algebra of the BRST charges off-shell.
From the BRST identities for the theory, in this gauge, one knows that the
gauge fixing parameter, ξ, is not renormalized so that we can parameterize
the two point function of the full theory as
Πµν,ab(p) = δab [ (pµpν − ηµνp2)(1 + Π1(p))
+imǫµνλpλ(1 + Π2(p))− 1
ξ
pµpν ]
(8)
Here, Π1(p) and Π2(p) represent, respectively, the radiative corrections to
the parity conserving transverse part and the parity violating part of the two
point function. It is worth noting from this that the Chern-Simons coefficient,
at any order, can be obtained from the two point function as
δabΠ2(0) = δ
ab(1 + Π2(0)) =
1
6im
ǫµνλ
∂
∂pλ
Πµν,ab(p)
∣∣∣∣∣
p=0
(9)
6
We note that it is mΠ2(0) which represents the complete Chern-Simons coef-
ficient, with mΠ2(0) representing the part coming from quantum corrections.
Let us also note here that, in this gauge, the tree level propagator for the
gauge field has the form
D(0)abµν (p) = δ
ab
[
1
p2 −m2
{(
ηµν − pµpν
p2
)
+ im ǫµνλ
pλ
p2
}
+
ξpµpν
(p2)2
]
(10)
To study the gauge dependence of the Chern-Simons coefficient, let us
add to the Lagrangian the following source terms
Ltotal = L+ Lsource (11)
where
Lsource = Jµ,aAaµ + JaF a + i(ηaca − caηa) +Kµ,aDµca
+La(−1
2
fabccbcc) +
1
2
HF aca (12)
Here, all the sources are the standard ones, introduced to derive and study
BRST identities, except for the last term whose role would become clear
shortly.
We note that, under a BRST transformation (ω is a space-time indepen-
dent anti-commuting parameter),
δAaµ = ωDµc
a
δca = −ω
2
fabccbcc
δca = −ωF a
δF a = 0 (13)
the source terms are not invariant although L is. In fact, we obtain
δLsource = ω
[
Jµ,a(Dµc
a)− iηa(−1
2
fabccbcc) + iF aηa +
1
2
HF aF a
]
(14)
Making a field redefinition inside the path integral which coincides with a
BRST transformation, then, we obtain from the invariance of the generating
functional
Z = eiW =
∫
DAaµDF aDcaDca ei
∫
d3xLtotal
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the master identity
∂W
∂ξ
=
∫
d3x d3y
(
Jµ,a(x)
δ2W
δKµ,a(x)δH(y)
− iηa(x) δ
2W
δLa(x)δH(y)
−i δ
2W
δJa(x)δH(y)
ηa(x)
)
(15)
In other words, this identity allows us to study the gauge dependence of the
effective action.
We can now make a Legendre transformation (with respect to the usual
sources Jµ,a, Ja, ηa, ηa) and go to the effective action and the identity above
takes the form
∂Γ
∂ξ
= −
∫
d3x d3y
(
δΓ
δAaµ(x)
δ2Γ
δKµ,a(x)δH(y)
+
δΓ
δca(x)
δ2Γ
δLa(x)δH(y)
−δF
a(x)
δH(y)
δΓ
δca(x)
)
(16)
This identity describes the gauge dependence of the effective action and we
can derive the gauge dependence of any 1PI amplitude from this. In partic-
ular, we note that (see Eq. (9))
∂Π2(0)
∂ξ
=
1
6 im (N2 − 1) ǫµνρ
∂
∂ξ
∂
∂pρ
δ2Γ
δAaµ(p)δA
a
ν(−p)
∣∣∣∣∣
p=0
= − 1
6 im (N2 − 1) ǫµνρ
∂
∂pρ
[
δ3Γ
δAaµ(p)δA
a
ν(−p)δAbλ(0)
δ2Γ
δKλ,b(0)δH(0)
+
δ2Γ
δAaµ(p)δA
b
λ(−p)
δ3Γ
δAaν(−p)δKλ,b(p)δH(0)
+
δ2Γ
δAaν(−p)δAbλ(p)
δ3Γ
δAaµ(p)δK
λ,b(−p)δH(0)
]∣∣∣∣∣
p=0
(17)
Here, we are supposed to also understand that all fields are set to zero after
evaluating the functional derivatives.
There are several things to note from this. First, there are no tree level
mixing terms of the forms Kµ,aH,Kµ,aAbνH so that the gauge dependence of
the Chern-Simons coefficient can only arise from radiative corrections. One
8
K µ ,a K µ ,a
Aν
b
K µ ,a
Aν
b
H H H
Figure 1: One loop diagrams that can lead to a mixing of the sources. The
wavy lines represent gauge fields, the solid line, the auxiliary field F a, and
the dashed lines stand for ghosts.
can explicitly check at one loop level and argue from symmetry arguments
that radiative corrections cannot generate a vertex of the form Kµ,aH (for
such a vertex, the colour index cannot be saturated). Consequently, the first
term on the right hand side of Eq. (17) does not contribute. At one loop,
a vertex of the form Kµ,a(p)Abν(−p)H(0) is already generated (see Fig. 1).
Therefore, let us parameterize such a vertex as,
δ3Γ
δKµ,a(p)δAbν(−p)δH(0)
∣∣∣∣∣ = δab [δνµA(p) + pµpνB(p) + iǫ νλµ pλC(p)] (18)
Substituting this into the identity (17), we obtain,
∂Π2(0)
∂ξ
= 2(1 + Π2(0))A(0) (19)
The right hand side can be evaluated order by order and, in general, is not
zero showing that the Chern-Simons coefficient, in a non-Abelian theory is,
in general, gauge dependent. We also note that A(0) is obtained from the
vertex Kµ,aAbνH with all external momenta equal to zero. Consequently,
this has severe infrared divergences and unless an infrared safe gauge, like
the Landau gauge, is chosen, the identities cannot even be satisfied.
3 Axial gauge:
In the previous section, we saw that the Chern-Simons coefficient is, in gen-
eral, gauge dependent. Therefore, this naturally raises the question as to
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whether the Coleman-Hill result can even be meaningfully generalized to
non-Abelian theories and if so, in what manner. In this section, we will
show that, in the axial gauge, the Chern-Simons coefficient has a physical
significance and, therefore, this is possibly the appropriate gauge in which to
consider a generalization of the Coleman-Hill analysis.
Let us consider a general axial gauge [14] described by a gauge fixing and
ghost Lagrangian density of the form
Lgf + Lghost = − 1
2ξ
(nµAaµ)
2 − canµ(Dµca)
=
ξ
2
F aF a − F a(nµAaµ)− canµ(Dµca) (20)
Here, nµ represents an arbitrary direction. The theory described by
L = Linv + Lgf + Lghost (21)
is infrared divergent in 2 + 1 dimensions, unless ξ = 0 and we will study
the theory in such a limiting gauge. For ξ = 0, n2 = nµnµ = 0 defines the
light-cone gauge, while n2 ≥ 0 leads to the time-like axial gauge and so on.
The tree level propagator of the gauge field for an arbitrary gauge fixing
parameter ξ is given by
D(0)abµν (p) =
δab
p2 −m2
[
ηµν − nµpν + nνpµ
(n · p) +
n2pµpν
(n · p)2 + imǫµνλ
nλ
(n · p)
]
+
δabξpµpν
(n · p)2 (22)
From this, we obtain the tree level propagator, in the axial gauge (ξ = 0), to
be
D(0)abµν (p) =
δab
p2 −m2
[
ηµν − nµpν + nνpµ
(n · p) +
n2pµpν
(n · p)2 + imǫµνλ
nλ
(n · p)
]
(23)
which can be trivially checked to be transverse to nµ, namely,
nµD(0)abµν (p) = 0 = D
(0)ab
µν (p)n
ν (24)
This observation is quite significant as we will see shortly.
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Figure 2: Diagrams, which can contribute to the ghost self-energy, vanish
because of Eq. (24).
Let us note that the theory described by Eq. (21) is also invariant under
the BRST transformations of Eq. (13). Thus, one can derive, as usual (by
adding sources as in Eq. (12) except for the last source), the BRST identities
for the theory, which are derived from the master identity∫
d3x
(
δΓ
δAaµ(x)
δΓ
δKµ,a(x)
− δΓ
δca(x)
δΓ
δLa(x)
+ F a(x)
δΓ
δca(x)
)
= 0 (25)
The master identity is the same as in any other gauge. However, the con-
straints following from them, in the axial gauge, are much simpler than, say
in a covariant gauge. For example, looking at the structure of the ghost La-
grangian in Eq. (20), we note that, in the axial gauge, the vertex describing
the coupling of the ghosts to the gluons is proportional to nµ. Combined
with Eq. (24), this, then, implies that, in the axial gauge, the ghost two
point function does not receive any quantum correction. As a result, in this
gauge, the ghost wave function renormalization is trivial,
Z˜3 = 1 (26)
Similarly, it also follows that, in this gauge, the ghost-gluon interaction vertex
is not renormalized, leading to
Z˜1 = 1 (27)
As a result, the standard relation following from the master identity in Eq.
(25), in a non-Abelian gauge theory, takes the simple form
Z1
Z3
=
Z˜1
Z˜3
or, Z1 = Z3 (28)
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K µ ,a K µ ,a
K µ ,a K
µ ,a
Figure 3: Diagrams, which can lead to the renormalization of the Kµ, a ca
vertex, vanish because of Eq. (24).
Here, we have denoted the wave function and the vertex renormalizations
for the gauge field by Z3 and Z1 respectively. This relation is reminiscent of
the Ward identity in an Abelian theory. Thus, in the axial gauge, the Ward
identities are simpler, much like in the Abelian theory. However, the non-
Abelian interactions still make the structure of any amplitude much more
complex and rich.
Just as we see that the ghost wave function as well as the ghost vertex
renormalizations are trivial in the axial gauge, it is equally straightforward to
show that the source terms with composite variations are not renormalized
in the axial gauge either (namely, vertices involving the sources Kµ,a and La
receive no quantum correction). As a result, the Ward identities following
from the master identity in Eq. (25) take a much simpler form in the axial
gauge. For example, it follows from Eq. (25) that, for n ≥ 2,
δnΓ
δAa1µ1(p1) · · · δA
an−1
µn−1(pn−1)δAaµn(pn)
δ2Γ
δKµn,a(−pn)δcan(pn)
= −
n−1∑
i=1
∫
d3p
δn−1Γ
δAa1µ1(p1) · · · δA
ai−1
µi−1(pi−1)δA
ai+1
µi+1(pi+1) · · · δAaµn(p)
× δ
3Γ
δKµn,a(−p)δAaiµi(pi)δcan(pn)
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Recalling that the vertices with the sources Kµ,a do not get any quantum
correction, this identity can also be rewritten in the simple form
pn,µnΓ
µ1···µn
a1···an
(p1, · · · , pn) =
ig
∑n−1
i=1 f
aaianΓµ1···µn−1a1···ai−1aai+1···an−1(p1, · · · , pi−1, pi + pn, pi+1, · · · , pn−1) (29)
This is clearly a much simpler identity, relating successive vertex functions,
than the identities one obtains, for example, in a covariant gauge. Further-
more, let us note that taking the derivative with respect to pn and setting
pn = 0 in Eq. (29), we obtain
Γµ1···µna1···an (p1, · · · , pn−1, 0) = (30)
ig
∑n−1
i=1 f
aaian ∂
∂pi,µn
Γµ1···µn−1a1···ai−1aai+1···an−1(p1, · · · , pn−1)
The two point function in the full theory, in a generalized axial gauge
(ξ 6= 0), can be parameterized, consistent with the BRST identities, as
Πµν,ab(p) = δab
[
− (ηµν − pµpν) (1 + Π1(p)) + imǫµνλpλ(1 + Π2(p))
+(pµ − p
2nµ
(n · p))(p
ν − p
2nν
(n · p))Π3(p)−
1
ξ
nµnν
]
(31)
The self-energy (which, by definition, is the two point function without the
tree level terms) is clearly transverse with respect to momentum. Let us
note that relation (31) must hold for both parity conserving as well as parity
violating parts of the amplitudes separately. Thus, looking at the parity
violating part of the three point amplitude, we obtain, (Note that we have
identified Γµν,ab = Πµν,ab.)
ǫµνλΓ
µνλ
abc = igf
dbcǫµνλ
∂
∂pλ
Πµν,ad(p)
∣∣∣∣∣
p=0
or, fabc(1 + Π2(0)) =
1
6im
f dbcǫµνλ
∂
∂pλ
Πµν,da(p)
∣∣∣∣∣
p=0
=
1
6mg
ǫµνλΓ
µνλ
abc (0, 0, 0) (32)
This relation is quite crucial in that it relates the Chern-Simons coefficient
in the axial gauge, at any order, to the parity violating part of the three
13
gluon vertex (with vanishing momenta) at the same order. Thus, one can
give a diagrammatic representation for the Chern-Simons coefficient in the
axial gauge, which is very convenient for studying an all order proof of the
generalization of the Coleman-Hill result to non-Abelian theories. It is also
clear from this identification that the choice of an infrared safe gauge is crucial
because the Chern-Simons coefficient is related to the three gluon amplitude
with all external momenta vanishing.
In a non-Abelian Chern-Simons theory, as we have argued earlier, the
ratio 4pim
g2
represents a physical quantity. This is known to be true from the
following facts, namely, in the leading order in 1
m
expansion, i) it is this ratio
which determines the dimensionality of the Chern-Simons Hilbert space [15]
and ii) this ratio is related to the coefficient of the WZWN action which
represents the central charge of the corresponding current algebra [16]. It
is also this ratio (see Eq. (5)) which needs to be quantized for large gauge
invariance of the theory. In the full quantum theory, however, this ratio
changes as
4πm
g2
→
(
4πm
g2
)
ren
= Zm
(
Z3
Z1
)2 (4πm
g2
)
(33)
where Z3 and Z1 are the wave function and the vertex renormalization con-
stants for the gauge field (as we have defined earlier), while Zm represents
the renormalization of the Chern-Simons coefficient. By definition, of course,
Zm = (1 + Π2(0)) and since in the axial gauge we have Z1 = Z3 (see Eq.
(28)), it follows that(
4πm
g2
)
ren
= Zm
(
4πm
g2
)
= (1 + Π2(0))
(
4πm
g2
)
(34)
Since this is a physical quantity, it follows that, in the axial gauge, the
induced Chern-Simons coefficient takes on a physical meaning.
In fact, let us next show that this expectation is indeed true and that the
Chern-Simons coefficient is independent of nµ in the axial gauge. To prove
this, let us add to our Lagrangian density the following source terms.
Lsource = Jµ,aAaµ + JaF a + i(ηaca − caηa) +Kµ,aDµca
+La(−1
2
fabccbcc) +HµcaAaµ (35)
Thus, defining
Ltotal = L+ Lsource
14
we note that, under a BRST transformation (see Eq. (13)),
δLtotal = ω
[
Jµ,a(Dµc
a)− iηa(−1
2
fabccbcc) + iF aηa +Hµ
∂Ltotal
∂nµ
]
(36)
Thus, as before, making a field redefinition inside the path integral, which
coincides with a BRST transformation, we can derive the equation which
describes how the effective action changes with nµ. Let us simply note the
result here,
∂Γ
∂nµ
= −
∫
d3p
[
δΓ
δAaν(−p)
δ2Γ
δKν,a(p)δHµ(−p) +
δF a(p)
δHµ(p)
δΓ
δca(−p)
− δΓ
δca(−p)
δ2Γ
δLa(p)δHµ(−p)
]
(37)
This is the master identity from which we obtain,
∂
∂nρ
(
ǫµνλ
δ3Γ
δAaµδA
b
νδA
c
λ
)
p1,p2,p3=0
= −ǫµνλ
[
δ4Γ
δAaµδA
b
νδA
c
λδA
d
σ
δ2Γ
δKσ,dδHρ
+
δ3Γ
δAaµδA
b
νδA
d
σ
δ3Γ
δKσ,dδHρδAcλ
]
p1,p2,p3=0
+ permutations (38)
where the restriction on the right hand side stands for setting all the field
variables as well as momenta equal to zero.
K µ ,a H ν
Figure 4: Diagram representing the possible mixing of the sources Kµ, a and
Hν. The bold wavy line represents the complete gauge field propagator. The
diagram vanishes because of color identities.
It is easy to see that, to all orders in the quantum theory, we cannot
have a vertex of the form Kµ,aHν. In fact, let us recall that in the axial
gauge the ghost propagator as well as the ghost vertex do not renormalize.
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Similarly, just as we noted that the vertices involving the source Kµ,a do
not renormalize, we can also show that the vertex involving Hµ does not
renormalize in the quantum theory either. It follows from this that the only
diagram that can give rise to a mixing of the sources Kµ,a and Hν is as
shown in Fig. 4. From the fact that the vertex Kµ,aAbνc
c is anti-symmetric
in the internal indices while the vertex HµAaνc
b and the gauge propagator
are symmetric in the internal symmetry indices, it follows that this diagram
vanishes. (Alternately, such a vertex, if it existed, would involve a single
internal index, which is impossible to construct from the structures present
in the theory.)
K µ ,a H ν
Abλ
K µ ,a
Abλ
H ν
Figure 5: Diagrams contributing to a vertex of the type KaµH
ν Abλ. The sum
of the two diagrams vanishes.
Let us next analyze if a vertex of the form Kµ,aHνAbλ can be generated in
the quantum theory. To that extent, let us note the following simple identity
in the axial gauge.
∂
∂pµ
D˜(−p) = i
g
D˜(−p)Γ˜µ(−p, 0, p)D˜(−p) (39)
where we have represented the ghost propagator by D˜ and the ghost vertex
by Γ˜ without the internal symmetry indices (remember that these do not
receive any quantum correction and, therefore, coincide with their tree level
forms.), namely,
iD˜ab(p) = iδabD˜(p) =
δab
(n · p)
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Γ˜µ,abc(−p, 0, p) = fabcΓ˜µ(−p, 0, p) = gfabcnµ
The identity, in Eq. (39), is reminiscent of the Abelian identity involving
fermion lines, namely, it says that differentiating the ghost propagator is
equivalent to introducing a photon line with zero momentum. Using these,
as well as the fact that the vertices involving a Kµ,a or a Hµ do not renor-
malize, we note that the only diagrams which can generate a vertex of the
type Kµ,aHνAbλ are as shown in Fig. 5. Evaluating these at zero external
momenta, we obtain
∼
∫
d3p
[
faa
′a′′D˜(−p)Da′b′µµ′ (p)Γµ
′ν′λ
b′b′′b (p,−p, 0)Db
′′a′′
ν′ν (p)
+faa
′a′′fa
′′bb′D˜(−p)Γ˜λ(−p, 0, p)D˜(−p)Da′b′µν (p)
]
(40)
From Eq. (31), we note that we can write
Daa
′
µµ′(p)Γ
µ′ν′λ
a′c′b (p,−p, 0)Dc
′c
ν′ν(p) = igf
dbc ∂
∂pλ
Ddaµν(p) (41)
Using this, as well as Eq. (39), the contribution of Fig. 5 in Eq. (40) can be
simplified as
∼
∫
d3p
[
faa
′a′′D˜(−p)(igf dba′′) ∂
∂pλ
Dda
′
µν (p)
+faa
′a′′fa
′′bb′(−ig)( ∂
∂pλ
D˜(−p))Da′b′µν (p)
]
= igfaa
′a′′f dba
′′
∫
d3p
∂
∂pλ
(D˜(−p)Dda′µν (p))
= 0 (42)
In other words, a vertex of the kind Kµ,aHνAbλ is not generated in the full
quantum theory. It follows now that, in such a case, Eq. (38) leads to
∂
∂nρ
(
ǫµνλ
δ3Γ
δAaµδA
b
νδA
c
λ
)
p1,p2,p3=0
= 0 (43)
Namely, the Chern-Simons coefficient is independent of the choice of nµ as
was stated. This is consistent with our observation that the Chern-Simons
coefficient takes on a physical meaning in the axial gauge.
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4 One-loop calculation:
In this section, let us check explicitly, at the one loop level, that the Chern-
Simons coefficient is independent of nµ as was shown from general arguments,
in the previous section. Let us recall that the Chern-Simons coefficient, in
the axial gauge, can be related to the parity violating part of the three gluon
amplitude with all external momenta vanishing. At one loop level, there
are two such diagrams that would contribute to the Chern-Simons coefficient
– one is the triangle graph and the other involving the quartic interaction
vertex as shown in Figs. 6a and 6b. Let us first look at the simpler of the
two graphs, namely, the one involving the quartic interaction vertex. The
contribution coming from this diagram (contracted with ǫµνλ) can be written
as
Iabc(6b) = ǫµνλ
∫
d3p
(2π)3
D
(0)b′a′
ν′µ′ (p)Γ
(0)µ′µ′′µ
a′a′′a (p,−p, 0)
×D(0)a′′c′µ′′λ′ (p)Γ(0)λ
′ν′νλ
c′b′bc (p,−p, 0, 0)
= igǫµνλ
∫
d3p
(2π)3
f dac
′
(
∂
∂pµ
Ddb
′
ν′λ′(p))Γ
(0)λ′ν′νλ
c′b′bc (p,−p, 0, 0)
= ig
∫
d3p
(2π)3
∂
∂pµ
(
f dac
′
Ddb
′
ν′λ′(p)Γ
(0)λ′ν′νλ
c′b′bc (p,−p, 0, 0)
)
= 0 (44)
Here, we have used Eq. (41) as well as the fact the the tree level four point
vertex is independent of momenta and hence can be taken inside the differ-
entiation. This shows that, of the two diagrams that can possibly contribute
to the Chern-Simons term at one loop, the one with the quartic interaction
vertex vanishes. As we will see later, this property generalizes in a simple
manner to higher loops.
This analysis shows that the entire contribution, at one-loop level, to the
Chern-Simons coefficient would come from the triangle diagram in Fig. 6a.
The triangle diagram can be simplified slightly by the use of the identity (41),
but the evaluation is tedious and leads to the contribution (when contracted
with ǫµνλ)
Iabc(6a) = −Ng3fabc
∫
d3p
(2π)3
[
12im
(p2 −m2)2
+
∂
∂pµ
(
8im3pµ
(p2 −m2)3 +
5imnµ
(p2 −m2)(n · p)
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(a) (b)
Figure 6: Diagrams which can contribute to the Chern-Simons coefficient at
one loop.
− 4im
3nµ
(p2 −m2)2(n · p) −
8im5nµ
(p2 −m2)3(n · p)
)]
= −Ng3fabc
∫
d3p
(2π)3
12im
(p2 −m2)2
= −Ng3fabc
(
− 6
4π
)
= 6g
g2N
4π
fabc (45)
It follows now from Eq. (32) that, at one-loop,
Π
(1)
2 (0) =
g2N
4πm
(46)
Alternately, the shift in the tree level Chern-Simons coefficient, due to one-
loop effects, is
mΠ
(1)
2 (0) =
g2
4π
N (47)
There are several things to note from this calculation. First, we see explicitly
that the one-loop Chern-Simons coefficient is independent of nµ, consistent
with the proof of the earlier section. Second, since the wave function and the
vertex renormalizations for the gauge field are identical in the axial gauge
(see Eqs. (28) and (34)), in this gauge, at one loop,(
4πm
g2
)(1)
ren
=
4πm
g2
+N (48)
In other words, this ratio shifts by N (of SU(N)) at one loop. This is exactly
what was also found from a calculation in the covariant Landau gauge [7],
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which re-confirms that this is indeed a gauge independent quantity. From an
algebraic point of view, one can give a meaning to the one-loop shift of the
Chern-Simons coefficient as the product of the spin with the dual Coxeter
number of the group [16, 17].
Let us note here that, in general, if we choose a general gauge fixing of
the kind
Lgf = −1
2
(ΛµAaµ)
2 (49)
then, the tree level propagator for the gauge field, in this gauge, can be
determined to be (Λµ is assumed to be independent of the gauge field.)
D(0)abµν (p) =
δab
p2 −m2
[
ηµν − pµΛν(p)
(p · Λ(p)) −
pνΛµ(−p)
(p · Λ(−p))+
+
pµpνΛ(p) · Λ(−p)
(p · Λ(p))(p · Λ(−p)) + imǫµνλ
Λλ(−p)
(p · Λ(−p))
]
+
δabpµpν
(p · Λ(p))(p · Λ(−p)) (50)
The covariant gauge propagator would follow from this with the choice
Λµ(p) = − ip
µ
√
ξ
while the propagator in the general axial gauge would follow from the choice
Λµ(p) =
nµ√
ξ
But, in fact, we can have more interesting gauge choices with
Λµ(p) = − 1√
ξ
(iβpµ + (1− β)nµ) (51)
Here β is an arbitrary parameter and we note that such a choice of gauge
allows us to interpolate between the covariant and the axial gauges. Namely,
when β = 1, we have the covariant gauge, whereas for β = 0, we have the
general axial gauge. The tree level propagator, in this interpolating gauge
takes the form
D(0)abµν (p) =
δab
p2 −m2
[
ηµν − pµ(iβpν + (1− β)nν)
(iβp2 + (1− β)(n · p))
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− pν(iβpµ − (1− β)nν)
(iβp2 − (1− β)(n · p))
+
pµpν(iβp+ (1− β)n) · (iβp− (1− β)n)
(iβp2 + (1− β)(n · p))(iβp2 − (1− β)(n · p))
+imǫµνλ
(iβpλ − (1− β)nλ)
(iβp2 − (1− β))(n · p))
]
− δ
abξpµpν
(iβp2 + (1− β)(n · p))(iβp2 − (1− β)(n · p)) (52)
For ξ = 0, this provides an infrared safe gauge, which interpolates between
the Landau gauge and the axial gauge. We note that, following earlier dis-
cussions, we can write an identity which will describe the β dependence of
various amplitudes. Thus, adding a source Lagrangian density of the form,
Lsource = Jµ,aAaµ + JaF a + i(ηaca − caηa) +Kµ,a(Dµca)
+La(−1
2
fabccbcc) +H(∂µca − nµca)Aaµ
we can derive the master identity describing the β dependence of the effective
action to be of the form,
∂Γ
∂β
= −
∫
d3xd3y
(
δΓ
δAaµ(x)
δ2Γ
δKµ,a(x)δH(y)
+
δΓ
δca(x)
δ2Γ
δLa(x)δH(y)
−δF
a(x)
δH(y)
δΓ
δca(x)
)
(53)
While we have not done this, we believe that it is possible to show from this
that the ratio 4pim
g2
is independent of β, as has been explicitly seen from the
one loop calculation.
5 Proof of the main result:
In this section, we will argue that, in the axial gauge, the Chern-Simons coef-
ficient receives no contribution beyond one loop, when the small gauge Ward
identities hold and the amplitudes are analytic in the momentum variables.
This, therefore, would be the generalization of the Coleman-Hill result to
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non-Abelian gauge theories. It will follow from this result that the ratio 4pim
g2
has no quantum correction beyond one loop in any gauge.
To simplify our proof, let us employ a compact notation where we treat
the amplitudes as matrices in the Lorentz and internal symmetry space.
Thus, we define Π, D, Γλ and Γνλ to represent respectively the complete
two point function, the propagator, the three point and the four point vertex
functions for the gauge fields. In this notation, then, we have
ΠD = −1 (54)
and, furthermore, when the momentum associated with the free index van-
ishes, we can obtain, using this, from Eq. (31)
Γλ = ig∂λΠ
or, DΓλD = igD(∂λΠ)D = ig∂λD (55)
Here and in what follows, ∂λ represents the derivative with respect to the
appropriate momentum and we have ignored writing out the explicit internal
indices for simplicity. (Namely, the internal symmetry factors simply come
out of the integrals and are not relevant to our proof as will become evident
shortly.) We recognize Eq. (55) as the relation in Eq. (41) in our compact
notation.
In analyzing the higher loop contributions to the Chern-Simons coeffi-
cient, let us note that there are two possible classes of diagrams which are of
interest and are shown in Figs. 7 and 8. Let us look at the class of diagrams
in Figs. 7a and 7b with all external momenta vanishing. Here the hatched
vertices and the bold internal lines represent respectively the three point
vertices and the propagators, which include all the corrections up to n-loop
order, with n = 0, 1, 2, · · ·. The cross-hatched vertex, on the other hand,
includes all the corrections up to (n + 1)-loop order, starting from one-loop
(namely, it does not contain the tree level term). Similarly, the cross-hatched
loop in the internal propagator stands for the self-energy, which includes all
the corrections up to (n + 1)-loops (by definition, the self-energy does not
contain the tree level two point function). We will put an overline, on these
two factors, just to emphasize that they do not contain the tree level contri-
bution. It is clear now that, by construction, the diagrams in Figs. 7a and
7b lead to contributions only at two loops and higher. Furthermore, from
the definition given above, we can write, in the notation described earlier
Γ
λ
= ig∂λΠ (56)
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(a) (b)
Figure 7: A class of diagrams that can contribute to higher order corrections
of the Chern-Simons coefficient in the axial gauge. The hatched vertices
and the bold internal lines represent respectively the three point vertices and
the propagators which include all the corrections up to n-loop order. The
cross-hatched vertex and the cross-hatched blob (self-energy) in the internal
propagator, include all the corrections up to (n+ 1)-loop order.
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Figure 8: Second class of diagrams that can contribute to higher order correc-
tions of the Chern-Simons coefficient in the axial gauge. Here, the diagram
involves vertices and propagators of the full theory.
The contributions from the diagrams in Figs. 7a and 7b, when contracted
with ǫµνλ, would yield a part of the (n + 2)-loop corrections to the Chern-
Simons term and takes the form
I
(n+2)
(7a)+(7b) = Tr
∫
d3q ǫµνλ
[(
DΓµDΓνD
(
Γ
λ
+ ΓλDΠ
))(n+1)
+ cyclic
]
= −i g3Tr
∫
d3q ǫµνλ
[(
∂µD∂νΠ
(
D∂λΠ+ ∂λDΠ
))(n+1)
+ cyclic
]
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= −i g3Tr
∫
d3q ǫµνλ
[
∂λ
(
∂µD∂νΠDΠ
)(n+1)
+ cyclic
]
= 0 (57)
for all n = 0, 1, 2, · · ·, where the superscript (n + 1) stands for the order of
the terms in the expression. Here, “Tr” denotes trace over the matrix indices
in the Lorentz space and we have used the identities in Eqs. (54)-(56) in
deriving Eq. (57). (There are also matrix indices associated with internal
symmetry and these are not traced, but it is clear that they are not relevant
for our argument.) We note that, because of the ǫ tensor, the factor inside
the divergence in the integrand picks out only parity violating terms in the
amplitude, which converge sufficiently rapidly to zero as q →∞. This shows
that all the higher loop contributions to the Chern-Simons coefficient, coming
from the class of diagrams in Figs. 7a and 7b, vanish.
We can, similarly, show that all the contributions, to the Chern-Simons
coefficient, coming from the class of diagrams in Fig. 8 identically vanish.
We have already seen it explicitly in our one-loop calculation in the previous
section. Here, we show that it is true for this class of diagrams at any loop.
Let us note that, from the identities in Eq. (31), we can also express the four
point function with two external momenta vanishing, in terms of the three
point vertex with one external momentum vanishing in the compact form as
(all momenta are incoming)
Γνλ(q,−q; 0, 0) = ig
[
∂
∂qλ
Γν(q,−q′; q − q′)
]
q′=q
≡ ig∂λΓν (58)
where, again, we have suppressed the internal indices and we follow the
convention that the momenta associated with the indices ν, λ of the four point
vertex as well as that associated with the index ν of the three point vertex
vanish. Written out explicitly, the right hand side of Eq. (58) would involve
two terms with different distributions of the internal symmetry indices, as is
clear from Eq. (31). However, as we have emphasized earlier, the internal
symmetry factors are not very relevant to the proof of our result.
With these, let us look at the class of graphs in Fig. 8, with all external
momenta vanishing. As opposed to the diagrams in Fig. 7a and 7b, here all
the vertices and the propagators include corrections to all orders (namely,
they are the full vertices and propagators of the theory). With the use of
Eqs. (55) and (58), the contraction of ǫµνλ with the amplitude in Fig. yields
I(8) = Tr
∫
d3q ǫµνλDΓ
µDΓνλ = −g2Tr
∫
d3q ǫµνλ ∂
µD∂λΓν
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= −g2Tr
∫
d3q ∂µ
(
ǫµνλD∂
λΓν
)
= 0 (59)
Once again, the integrand in Eq. (59) is sufficiently convergent (because it
involves only the parity violating parts of the amplitude) so that the integral
vanishes.
Since these are all the diagrams that can contribute to the higher loop
corrections of the Chern-Simons coefficient, we have shown that, in a Yang-
Mills-Chern-Simons theory, the Chern-Simons coefficient, in the axial gauge,
does not receive any correction beyond the one loop order. In other words,
much like the proof in the Abelian theory, we have used the non-Abelian
Ward identities in the axial gauge, together with the analyticity of the am-
plitudes in momentum space, to show that the Chern-Simons coefficient has
no quantum correction beyond one-loop in this gauge. (We have explicitly
checked that, in the axial gauge, the two loop corrections of the Chern-Simons
coefficient do add up to zero.) In theories where these assumptions are valid,
we will expect our proof to hold true. On the other hand, if either of these
assumptions is violated, the proof is expected to break down, which is quite
similar to the case in the Abelian theory. Thus, for example, in an Abelian
theory with charged massless particles, infrared divergences invalidate the
second assumption [18]. Similarly, at finite temperature, it is known that
the amplitudes are non-analytic in the energy-momentum variables [10] and,
consequently, the Coleman-Hill result is known to be violated in this case
[19].
It is worth discussing the implications of this result in some detail. After
all, we have already argued, in section 2, that the Chern-Simons coefficient
is, in general, gauge dependent. Therefore, even if it has no higher loop cor-
rections in the axial gauge, this may not hold in other gauges. For example,
in references [20, 21], the non-abelian Chern-Simons theory was investigated
by the use of gauge invariant regularizations in covariant gauges, and was
argued that the higher order radiative corrections are finite. Let us note
here that (see Eq. (34) and the discussion there), since the Chern-Simons
coefficient does not receive any higher loop correction in the axial gauge, it
implies that, in this gauge, the ratio 4pim
g2
also does not receive any higher loop
correction. On the other hand, as we have argued, this ratio is a gauge inde-
pendent quantity. Consequently, our result can also be understood as saying
that, in any infrared safe gauge, the ratio 4pim
g2
does not receive any contribu-
tion beyond one loop. This, in fact, is the appropriate generalization of the
Coleman-Hill result to non-Abelian theories. In particular, we note from Eq.
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(33) that, since in a non-axial type gauge such as the Landau gauge, Z1 6= Z3,
in such gauges, the Chern-Simons coefficient (Zm) will be corrected at higher
loops, but in such a way that the ratio 4pim
g2
is unrenormalized beyond one
loop.
Such a result has, of course, been expected and predicted [5, 7]. In fact,
there is a plausibility argument for this, based on large gauge invariance of
the theory in the following way. The only dimensionless ratio, in this theory,
is g
2
4pim
where 4π is a simple normalization. Therefore, one can use this as a
perturbation parameter and write(
4πm
g2
)
ren
=
4πm
g2
∞∑
n=0
an(N)
(
g2
4πm
)n
(60)
with a0(N) = 1 and, as we have seen, a1(N) = N . On the other hand,
the invariance of the Chern-Simons theory under large gauge transformations
requires that this ratio be quantized (see Eq. (5)), both in the bare as well as
in the renormalized theory (they don’t have to be the same positive integer).
Clearly, this is possible for arbitrary integers and colour factors, only if the
series, on the right hand side of Eq. (60) terminates after the second term,
namely, only if there is no contribution in Eq. (60) beyond one loop. Our
proof explicitly verifies that this expectation is, indeed, true. However, it is
important to recognize that our proof uses constraints coming only from the
behaviour under small gauge invariance (and, of course, analyticity) much
like the proof in the Abelian case. It is worth remarking here that, in a
recent paper [22], it has been argued, using a generalization of the method of
holomorphy due to Seiberg [23], that in a Yang-Mills theory interacting with
matter fields, without a tree level Chern-Simons term, there is no higher
loop renormalization of the induced Chern-Simons coefficient. Our result,
for the case with a tree level Chern-Simons term, is not covered by this
analysis (as the authors of ref. [22] specifically point out) and, in fact, this
case is physically more meaningful since, without a tree level Chern-Simons
term, a loop expansion of the theory may not exist because of severe infrared
divergences. In such a case, general formal arguments may be invalidated by
the infrared divergences of the perturbation theory.
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6 Pure Chern-Simons theory:
In this section, we will study in detail the pure Chern-Simons theory [24]
(otherwise also known as the ǫ-theory [7]) in the infrared safe axial gauge
and show that it is a free theory. The pure Chern-Simons theory can be
obtained from the Lagrangian density in Eq. (1) (or (2)) by dropping the
Yang-Mills term (namely, it is the theory in the m → ∞ limit). It is well
known that, in the Landau gauge, this theory is invariant under a vector
supersymmetry [25], in addition to the usual BRST symmetry of Eq. (13).
Namely, the Lagrangian density
L = m
2
ǫµνλAaµ(∂νA
a
λ +
g
3
fabcAbνA
c
λ)− F a(∂µAµa) + ∂µca(Dµca) (61)
is, of course, invariant under the BRST transformations of Eq. (13), but it
is also invariant under the transformations,
δAaµ = ǫµνλǫ
ν∂λca
δca = 0
δca = ǫµAaµ
δF a = ǫµ(Dµc
a) (62)
Here ǫµ is a constant vector parameter of the transformations and is anti-
commuting in nature. Furthermore, the generators of these transformations
satisfy a supersymmetry algebra, unlike the BRST charges which are nilpo-
tent.
Let us next show that this supersymmetry is not particular to the Landau
gauge only. It is easy to see that there is a vector supersymmetry in the axial
gauge as well. Thus, the Lagrangian density
L = m
2
ǫµνλAaµ(∂νA
a
λ +
g
3
fabcAbνA
c
λ)− F a(nµAaµ)− canµ(Dµca) (63)
is invariant under the BRST transformations of Eq. (13) as well as the
transformations
δAaµ = ǫµνλǫ
νnλca
δca = 0
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δca = −ǫµAaµ
δF a = ǫµ∂µc
a (64)
In fact, it is quite easy to check that, in any linear, homogeneous infrared
safe gauge, the theory develops an invariance under a vector supersymmetry.
Let us analyze the pure Chern-Simons theory in the axial gauge. In
such a case, there is the usual Ward identities following from the BRST
invariance of Eq. (13). And, as we have noted earlier, the structure of the
theory leads to the fact that, in the axial gauge, there is no wave function
or vertex renormalization for the ghosts. Let us note now that the new
vector supersymmetry will also lead to a Ward identity, further restricting
the amplitudes. The master identity, following from the invariance of the
theory under Eq. (64) takes the form (We note here that the derivation
of this identity is much simpler than the usual Ward identities because the
transformations in Eq. (64) are, in fact, linear and, consequently, we do not
need additional sources in the Lagrangian density.)∫
d3x
(
ǫµνλ
δΓ
δAaν(x)
ca(x)nλ − δΓ
δF a(x)
∂µc
a(x) + Aaµ(x)
δΓ
δca(x)
)
= 0 (65)
This, indeed, constrains the theory enormously. Combining with the facts
that the F aAaµ vertex, the ghost two point vertex and the ghost interaction
vertices are not renormalized, it immediately leads us to the result that
the two point and the three point functions for the gauge fields are not
renormalized either. For example, taking derivative of Eq. (65) with respect
to δ
2
δAaµδc
b (index µ being summed) and setting all fields to zero, we obtain in
momentum space
ǫµνλn
λ δ
2Γ
δAaµ(−p)δAbν(p)
+ ipµ
δ2Γ
δAaµ(−p)δF b(p)
− 3 δ
2Γ
δca(−p)δcb(p) = 0 (66)
This immediately leads to Zm = 1. Similarly, taking one higher derivative,
it is easy to show that the parity violating three point vertex function is not
renormalized either. In other words, the pure Chern-Simons theory is a free
theory. These conclusions are valid provided one regularizes the theory such
that all symmetries, including the vector supersymmetry, are maintained.
We would like to note here that such a conclusion was reached earlier from
different points of view [7, 26, 27, 28]. In particular, in reference [26], it was
shown through a perturbative calculation in the pure Chern-Simons theory,
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that the complete effective action in axial gauges is the three level action,
for certain classes of gauge invariant regulators. Here we have derived this
result from purely algebraic considerations.
7 Conclusion:
In this paper, we have studied in detail the question of higher order correc-
tions to the Chern-Simons coefficient in a Yang-Mills-Chern-Simons theory.
We have shown that the Chern-Simons coefficient is, in general, a gauge de-
pendent quantity. However, it takes on a physical significance in the axial
gauge. Using, i) the Ward identities of the theory and, ii) the analyticity
of the amplitudes in the momentum variables, we have shown that, in the
axial gauge, the Chern-Simons coefficient does not receive any quantum cor-
rection beyond one loop. This allows us to deduce that the ratio 4pim
g2
, in
a non-Abelian theory, is not renormalized beyond one loop, in any infrared
safe gauge. This, therefore, represents the generalization of the Coleman-Hill
result to a non-Abelian theory. Various other interesting properties of the
theory are also discussed.
This work was supported in part by U.S. Dept. Energy Grant DE-FG
02-91ER40685 as well as by CNPq, Brazil.
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